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Let S denote the space of tempered test functions (real or complexvalued) on R n , and 5' the dual space of tempered distributions [3] . Let / denote the Fourier transform of the function ƒ. Now define on S the operators X and K by:
and then define in terms of these operators on S the norms 11/|| a> p = \\K a X^f || 2 , --< a, 0 < + -, ll/ll^ = \\X*K*f ll 2 , -~ < a, 0 < 4--, where ||ƒ|| 2 is the usual L 2 norm of/. Our first result relates these norms: (1) For each a, j3 the norms || || a ^ and || H^ are equivalent. This follows directly from Leibnitz' rule if a is a positive even integer, but requires some form of interpolation theorem (cf. [2] ) for other positive values, and a duality argument for negative values.
Now let H(a, 0) denote the completion of S in the norm || \\ a^. It is helpful to think of the family H(<x, 0) as a doubly-indexed scale of weighted L 2 spaces in which, roughly speaking, the second index describes the behavior of the function ƒ(*) as |JC| -* °°, and the first the behavior of f(k) as \k\ -* «>. It is often useful to consider these two modes of behavior separately, which Thus if ƒ G#(a, j3) and #(7, 6), then ƒ G #(a, r) for all (a, r) lying on the line segment joining (a, 0) and (7, ô).
Various applications readily present themselves. In particular, the behavior of various singular integral and pseudo-differential operators on the spaces H(a 9 0) can often be determined immediately from the properties listed above, and then reinterpreted in other spaces as required. In particular, the integral equations arising in the quantum theory of scattering admit a specially nice treatment in these spaces, which accounts for the author's original interest. It is clear that other useful variations on this theme may be obtained by replacing the operators X and K by other choices; e.g., if E is a bounded region in R n with smooth boundary B, then 5 can be replaced by the space of C°° functions defined on E and vanishing to all orders on B 9 and X by the operation of multiplication by (1 + p 2 ) 1^2 , where p(x) is the reciprocal of the
